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ENDOSCOPIC CHARACTER IDENTITIES FOR METAPLECTIC GROUPS
CAIHUA LUO
Abstract. In this paper, we prove the conjectural endoscopic character identities for tempered
representations of metaplectic group Mp2n based on the formalism of endoscopy theory by J.
Adams, D. Renard and W.W. Li.
1. Introduction
Recently, in a series of papers [Li12b, Li12a, Li14b, Li13, Li14a], W.W. Li has established the
invariant trace formula for finite central covering groups in the spirit of the formulation of Arthur’s
trace formula. In particular, motivated by J. Adams and D. Renard’s work on developing an en-
doscopy theory for Mp(2n,R), W.W. Li (see [Li11, Li15]) has built up an almost complete endoscopy
theory which places Mp(2n) in the framework of the Langlands program. On the other hand, Howe’s
theta correspondence theory plays an essential role in the study of (automorphic) representations of
Mp(2n) and has produced fruitful developments. More specifically, the local Langlands correspon-
dence for Mp(2n)(R) has been established by J. Adams and D. Barbasch in [AB98], and almost 20
years later, the p-adic version was obtained by Gan and Savin in [GS12]. In view of these, parallel
to Arthur’s work in his monumental book [Art13], it is not surprising to expect and explore the
following two fundamental “theorems”:● Endoscopic character identities for Mp(2n),● Multiplicity formula of L2disc(Sp(2n, F˙ )/Mp(2n,A)) (Arthur’s conjecture).
Along the lines of Arthur’s standard model argument, W.W. Li in [GL16] proposed a strategy to
tackle the above two problems, and formulated a conjecture for the desired form of the endoscopic
character identities which is compatible with Waldspurger’s influential work on Mp(2) (cf. [Wal80,
Wal91]). On the other hand, based on the powerful tool of theta correspondence, Gan and Ichino
has worked out the elliptic tempered part of L2disc(Sp(2n)(F˙ )/Mp(2n)(A)) in the sense of Arthur’s
A-packet (cf. [GI17]), where F˙ is a global field and A = AF˙ is the associated Ade`le ring. Note that
the endoscopic character identity over R has been proved by D. Renard (cf. [Ren99]), but it has
not yet been expressed in the form of characters of component groups. Note also that the elliptic
stable trace formula has been laid down by W.W. Li in [Li15] and the spherical fundamental lemma
has been established in [Luoar]. In view of these facts, we may apply a local-global argument via
Arthur’s stable multiplicity formula to tackle the endoscopic character identity problem once the
real case is reformulated to fit into the global argument. In fact, this is exactly what we will do
in this paper. Herein we would like to mention that J. Schultz’s PhD thesis has established the
endoscopic character identities for Mp(2) (cf. [Sch98]), and T. Howard has proved the compatibility
property of parabolic induction for the principal endoscopic group (cf. [How10]). In what follows,
let us briefly recall the conjectural endoscopic character identities for Mp(2n) formulated by W.W.
Li in [GL16].
Let F be a local field of characteristic 0. Fix a non-trivial character ψ of F and let S̃p
(8)(W )
be Weil’s metaplectic 8-fold covering of Sp(W ) which is a pushout of the metaplectic 2-fold cover
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Mp(W ) via µ2 ↪ µ8, i.e.
µ2
  //
 _

Mp(W ) p // //

Sp(W )
µ8
  // S̃p
(8)(W ) p // // Sp(W )
Let G = Sp(W ), G˜ = S̃p(8)(W ) with dim W = 2n. As shown by J. Adams, D. Renard and W.W. Li,
the elliptic endoscopic groups of G˜ are the split orthogonal groups associated to the ordered pairs(n′, n′′) with n′ + n′′ = n:
H =Hn′,n′′ =H ′ ×H ′′ ∶= SO(2n′ + 1) × SO(2n′′ + 1).
On the other hand, theta correspondence gives rise to the following bijective maps obtained by
Gan–Savin for non-archimedean fields and Adams–Barbasch for the real archimedean field, i.e.
θψ ∶ Irr G˜←→⊔
Vn
Irr SO(Vn)
where● Vn runs over all 2n + 1-dimensional quadratic spaces of fixed discriminant over F ;● Irr G˜ is the set of isomorphism classes of irreducible genuine representations of G˜, and
Irr SO(Vn) is the set of isomorphism classes of irreducible representations of SO(Vn).
Combining with the local Langlands correspondence (abbreviated as LLC) for SO(2n + 1) (due to
Arthur and Moeglin for non-archimedean fields, and to Langlands and Shelstad for archimedean
fields), one gets a LLC for G˜:
Irr G˜←→ {(φ, η)}
where● φ ∶WDF Ð→ Sp2n(C) is an L-parameter for SO(2n + 1);● η ∈ Irr Aφ with Aφ = pi0(ZSp2n(Im(φ))) the component group of φ.
Thus, given a tempered φ, we have an associated local L-packet
ΠG˜φ = {p˜iη ∶ η ∈ Irr Aφ}.
Now we may state the conjectural endoscopic character identities as follows.
Main Theorem. Given a tempered L-parameter φ of G˜ and an s ∈ ZSp(2n)(Im(φ)) with s2 = 1,
so that s determines an elliptic endoscopic group Hs = SO(2n′ + 1) × SO(2n′′ + 1) together with an
L-parameter φHs = φ′ × φ′′ of Hs, one has an associated L-packet ΠHsφ′×φ′′ and may then form the
stable distribution
Θφ′×φ′′ = ∑
pi∈ΠHs
φ′×φ′′
Θpi
where Θpi is the normalized character distribution of pi. Then we have the following local character
identity:
TransG˜Hs(Θφ′×φ′′) = (1/2, φ′′, ψ) ∑
η∈Aˆφ η(s)Θp˜iη ,
where TransG˜Hs is the endoscopic transfer of stable distribution of Hs to genuine invariant distribu-
tion of G˜.
Let us end the introduction by giving a brief outline of this article. In section 2, we will recall
the local Langlands correspondence for Mp(2n) via theta correspondence from SO(2n + 1), and
check the compatibility of Shelstad and Arthur’s local Langlands correspondence for discrete series
representations of SO(2n + 1)(R) with J. Adams’ version (cf [Ada10]). The LLC for Mp(2n) plays
an important role in the procedure of reinterpreting D. Renard’s results in terms of characters of
component groups. In section 3, we will recall the endoscopy theory laid down by W.W. Li, and
the stable trace formula for Hs (due to Arthur) and the stable elliptic trace formula for G˜ (due to
W.W. Li) which we would use later on. The last three sections are devoted to the proof of the Main
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Notations and Facts● Let F be a local field of characteristic 0, and ψF ∶ F → S1 a non-trivial character of conductorOF .● Let WF be the Weil group of F , and WDF =WF × SL2(C) the Weil-Deligne group.● Let F˙ be a number field, and A the associated Ade`le ring. Fix a non-trivial character
ψ ∶ F˙ /A → S1, with ψ = ⊗v ψv. Denote by VF˙ (V∞ resp.) the set of (archimedean resp.)
places of F˙ .● LetW be a symplectic vector space and fix a complete polarizationW =X+Y with associated
standard sympletic basis of W , we then obtain an identification
Sp(W ) = {g = (a b
c d
) ∈ GL2n(F ) ∣ g ( 1−1 ) tg = ( 1−1 )}.
● To reserve Mp(W ) for Weil’s twofold covering group of G = Sp(W ), we denote G˜ =
Mp(W ) ×µ2 µ8 to be Weil’s eightfold covering group of Sp(W ). Conventionally, for δ˜ ∈ G˜,
we always write δ for p(δ˜). Regarding G˜ = G × µ8 as a set given by the Rao cocycle (cf.
[Kud96, Theorem 4.5]), we write δ˜ = (δ, (δ˜)), with (δ˜) ∈ µ8.● For the hyperspecial compact subgroup K = Sp(2n)(OF ) of Sp(2n), K splits in G˜ if the
residue characteristic of F is not 2. Globally, Sp(2n, F˙ ) splits in G˜(A).● For x˜, y˜ ∈ G˜, x˜ and y˜ commute if and only if x and y commute in G.● For a maximal split torus T of G, let T˜ be the preimage of the projection map p, one may
then define a genuine WG(T )-invariant character χψF of T˜ as in [Kud96] as follows.
χψF ∶ ((a ta−1) , )z→ γ(det(a), ψF )−1
where γ(⋅, ψF ) is the relative Weil index. Note that this is also compatible with the natural
splitting of T in T˜ given by σY in [Kud96, Theorem 4.5]
σY ∶ g = (a ta−1)z→ (g, γ(det(a), ψF )),
i.e. χψF ○ σY = id. Throughout the paper, we will write det(γ) in place of det(a) with
γ = diag{a,t a−1} for simplicity.● Let Irr G˜ be the set of isomorphism classes of genuine irreducible admissible representations
of G˜, and Irr H the set of isomorphism classes of irreducible admissible representations of
H.● For Weyl group, we sometimes abbreviate WGC for W (G(C), T (C)) = NG(C)(T (C))/T (C),
and WGR for W (G(R), T (R)) = NG(R)(T (R))/T (R) when there is no danger of confusion.
2. local langlands correspondence and multiplicity formula
In this section, we first briefly recall the local Langlands correspondence (abbreviated as LLC)
for SO(2n + 1) in the sense of Vogan packets, and the LLC for G˜ via theta correspondence. Then,
we would like to check that Shelstad and Arthur’s LLC for real forms of SO(2n+1) are the same as
Adams’ version. Given the LLC, we will at last recall Gan–Ichino’s global multiplicity formula for
elliptic tempered A-parameters of G˜ in L2disc(Sp(W )/G˜(A)) which will play an essential role in our
proof of the Main Theorem later on.
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2.1. LLC for G˜: Coarse version. Let H = SO(V ) = SO(2n+1) be split, so that Hˆ = Sp(2n,C) is
endowed with trivial WF -action. Note that a key feature of Vogan’s LLC is to treat representations
pi of all pure inner forms H ′ of H simultaneously. Recall that the pure inner forms of H are the
groups H ′ over F which are obtained from H via inner twisting by elements in the finite pointed set
H1(F,H). As is well-known, the pure inner forms of H are the groups Hm = SO(Vm), where Vm is
an orthogonal space over F with dim(Vm) = 2n+ 1 and the same discriminant as V . More precisely,● If F is non-archimedean and n ≥ 1, there is a unique non-split pure inner form H ′. In this
case, we denote the split H as SO(V +), while the non-split H ′ as SO(V −).● If F = R and H = SO(p, q), then the pure inner forms are the groups H ′ = SO(p′, q′) with
q ≡ q′ (mod 2) and p + q = p′ + q′ = 2n + 1.
An L-parameter for H is an admissible homomorphism ([Bor79])
φ ∶WDF Ð→ Hˆ.
We say φ is tempered if φ(WF ) is bounded. Further, if φ does not factor through any Levi subgroup
of Hˆ, we say φ is discrete (or elliptic). Such parameters are what we will focus on in this article.
Given φ, we define the S-group Sφ and the corresponding component group Aφ as follows.
Sφ = ZHˆ(Im(φ)), Aφ = pi0(Sφ).
Also define the associated L-packet as ΠHφ . Now we may state Vogan’s LLC as follows.
LLC for SO(2n + 1). There exists a bijective correspondence
LV ∶ ⊔
Vm
Irr SO(Vm)←→ ⊔
φ∈Φ{(φ, η) ∶ η ∈ Irr Aφ}
where● Vm runs over all 2n + 1-dimensional quadratic spaces over F of fixed discriminant;● Φ is the set of equivalence classes of admissible representations of WDF in Sp(2n,C).
Moreover, the correspondence LV preserves the property of temperedness and discreteness.
To be precise, suppose a tempered φ = φGL ⊕ φ0 ⊕ φ∨GL factors through a Levi subgroup Mˆ =∏i∈I GL(ni,C) × Sp(2n0,C) of the dual group Hˆ, where φGL and φ0 are the discrete parameters of∏i∈I GL(ni) and SO(2n0 + 1) respectively. Denote M = ∏i∈I GL(ni) × SO(2n0 + 1), and choose a
parabolic subgroup P =MN of H with Levi factor M , then
ΠHφ = ⊔
σ∈ΠM
φ
{the irreducible constituents of IP (σ)}.
Furthermore, for σ1, σ2 ∈ ΠMφ , the associated R-groups Rσ1 and Rσ2 of normalized induced repre-
sentations from σ1 and σ2 respectively have the following good properties:● Rσ1 and Rσ2 are abelian groups;● Rσ1 ≃ Rσ2 .
In particular, IP (σ) is multiplicity-free.
Proof. Note that this has been shown in Arthur’s monumental book (see [Art13]) for p-adic quasi-
split SO(Vm), while the real case has been established by Adams–Barbasch–Vogan in [ABV12].
Recently the non-split case has also been established in [MR17]. As for R-group, one may refer to
[Art13][Chapters 6.5 & 6.6] and [CG16][Theorem 3.9] for more details. 
Note that J. Adams has established an explicit labeling on the discrete part of LLC for SO(2n+1).
For our purpose, we need to check the compatibility of these two versions which will be carried out
in the next Section 2.2.
On the other hand, Howe’s theory of theta correspondence theory provides us a bijection between
Irr G˜ and ⊔Vm Irr SO(Vm), which was established by Adams–Barbasch for real case (cf. [AB98]),
and later proved by Gan–Savin for p-adic case (cf. [GS12]). Building upon this, we could obtain a
LLC for G˜ as follows.
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LLC for G˜. Given the LLC for SO(2n + 1) in the sense of Vogan, taking ̂˜G = Hˆ, then there is a
bijective correspondence
LΘ ∶ Irr G˜ Θψ←→ ⊔
Vm
Irr SO(Vm) LV←→ ⊔
φ∈Φ{(φ, η) ∶ η ∈ Irr Aφ}
where the data are defined as before. Analogously, the correspondence LΘ preserves the tempered
property, and the discrete property as well. More precisely, if the tempered φ = φGL ⊕ φ0 ⊕ φ∨GL
factors through a Levi subgroup Mˆ = ∏i∈I GL(ni,C) × Sp(2n0,C) of Hˆ, where φGL and φ0 are the
discrete parameters of ∏i∈I GL(ni) and G˜2n0 = S̃p2n0 respectively. Denote M˜ =∏i∈I GL(ni)× G˜2n0 ,
and choose an arbitrary parabolic subgroup P˜ = M˜N of G˜, then
ΠG˜φ = ⊔
σ˜∈ΠM˜
φ
{the irreducible constituents of IP˜ (σ˜)}.
Furthermore, instead of discussing the properties of R-groups for G˜, we have the multiplicity-one
property of the normalized induced representations from discrete series, i.e. for σ˜1, σ˜2 ∈ ΠM˜φ ,● IP˜ (σ˜i) is multiplicity-free for i = 1,2;● #J.H.(IP˜ (σ˜1)) = #J.H.(IP˜ (σ˜2)), here J.H. stands for the set of Jordan-Ho¨lder constituents.
Proof. One may consult [GS12, Theorem 1.3] for details of the theta correspondence for (G˜, SO2n+1),
and [Gol94, Art13, CG16] for the multiplicity-one property and cardinality relation for SO2n+1. As
for the archimedean case, the multiplicity-one statement follows from [Liar, Remark 7.4.4], and the
constituents cardinality equality results from [AB98, Proposition 12.24]. 
2.2. LLC for G˜(R): Fine version. In this subsection, we first recall the explicit local Langlands
correspondence for SO2n+1(R) a` la J. Adams (see [Ada10, Ada98] for details), and then verify the
compatibility with the LLC for discrete series a` la Shelstad and Arthur. As in [Ada10], we start
with a complex group H = SO2n+1(C) which is the isometry group of the quadratic form
q0 = (−1)n (12n 1)
of discriminant 1. Fix a Cartan subgroup T ⊂ H with
T = SO2(C) ×⋯ × SO2(C)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
n copies
×1
so that
X∗(T) = Ze1 +⋯ +Zen, X∗(T) = Ze∨1 +⋯ +Ze∨n,
where ei ∶ TÐ→ C× is non-trivial only on the i-th copy of SO2, on which it is given by the isomorphism
(x y
y¯ x
)Ð→ x + iy.
Moreover, {e∨i } is the basis of X⋆(T) dual to {ei}. By fixing a Borel subgroup B ⊃ T, we may assume
the systems of the positive simple roots and coroots are given by:
∆ = {e1 − e2, e2 − e3,⋯, en−1 − en, en}, ∆∨ = {e∨1 − e∨2 , e∨2 − e∨3 ,⋯, e∨n−1 − e∨n,2e∨n}.
The Langlands dual group of H is Hˆ = Sp(2n)(C). It is equipped with a pair Tˆ ⊂ Bˆ with
X∗(Tˆ ) =X∗(T), and X∗(Tˆ ) =X∗(T)
and a system of simple roots ∆ˆ = ∆∨.
The complex conjugation action on matrices defines an action of Gal(C/R) on H, which gives rise
to the unique compact real form Hc with maximal torus Tc = T ∩Hc. The complex and real Weyl
groups are equal and given by
W (H,T) =W (Hc, Tc) ≃ Sn ⋉W0
with W0 = (Z/2Z)n. Here, Sn acts on X∗(T) by permuting the ei’s and the generator of the i-th
copy of Z/2Z in W0 sends ei to −ei and fixes ej for j ≠ i.
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Let us set
X ∶= T[2] = Tc[2] = {x ∈ T ∶ x2 = 1}.
Then one has a canonical isomorphism
(1)
X
∼←ÐX∗(T)/2X∗(T) = n⊕
i=1Z/2Zei
λ(−1)←→ λ.
The Weyl group W (H,T) preserves X and acts through its quotient Sn. The isomorphism in (1) is
W (H,T)-equivariant.
Now let us consider the (pure) real forms of H. Since Out(H) = 1, the set of (pure) real forms of
H up to isomorphism is classified by H1(R,H), which is known to be equal to
X1 ∶=X/W (H,T).
More precisely, each x ∈X gives a 1-cocycle
cx(σ) = x (with σ ∈ Gal(C/R) non-trivial)
and cx is cohomologous to cx′ if and only if x and x′ are in the same W (H,T)-orbit. Hence,∣X1∣ = n + 1, with each orbit [x] determined by the number of nonzero coefficients of x as a Z/2Z-
linear combination of the ei’s, or equivalently, the number of +1 when x is regarded as an element
of
T[2] = n∏
i=1{±1} ⊂ n∏i=1SO2(C).
For each x ∈X, one has a modified complex conjugation action on H given by:
hz→ xh¯x−1,
that gives an associated real form
Hx = HAd(x)○(−)
which is the isometry group of the quadratic form determined by
qx = (−1)nx
of discriminant 1. A maximal compact subgroup of Hx by complexification given by:
Kx = HAd(x).
Note that Tc ⊂Hx since the adjoint action of x on T is trivial. Moreover, the real Weyl group of Hx
is
W (Kx,T) =W (Hx, Tc) =W (H,T)Ad(x) = StabW (H,T)(x).
For example, if x ∈ T[2] has p +1’s and q -1’s as its entries (with p + q = n), then
Hx = ⎧⎪⎪⎨⎪⎪⎩SO(2p + 1,2q), if n is even,SO(2q,2p + 1), if n is odd,
and its real Weyl group is isomorphic to:(Sp ⋉ (Z/2Z)p) × (Sq ⋉ (Z/2Z)q).
Let h = Lie(H) be the complex Lie algebra of H.
Definition 2.2.1. A representation of a real form of H is a pair (x,pi) where x ∈ X and pi an(h,Kx)-module. Say that (x,pi) is equivalent to (x′, pi′) if there exists h ∈ H (actually h ∈ NH(T))
such that x′ = hxh−1 and
pi′ ≃ pih ∶= pi ○Ad(h−1).
Write [x,pi] for the equivalence class of (x,pi).
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Now suppose we are given a discrete series L-parameter
φ ∶WR Ð→ Hˆ = Sp2n(C).
We may write:
φ = φ1 ⊕⋯⊕ φn
with φi = IndWRWC(( zz¯ )ai), ai ∈ Z + 1/2, ai > 0. We may further assume a1 > a2 > ⋯ > an > 0. The
centralizer group Sφ = ZHˆ(φ) is equal to:
(2)
Sφ = Tˆ [2] ∼←ÐX∗(Tˆ )/2X∗(Tˆ ) =X∗(T)/2X∗(T)
λ(−1)←→ λ
Hence Sφ and X are in canonical duality in view of (1) and (2). In particular, we have a canonical
isomorphism
(3) X
∼Ð→ Sˆφ = Irr(Sφ).
For each x ∈X, the work of Harish-Chandra furnishes an L-packet of discrete series representations
Πx(φ) of Hx. More precisely, set
λ0 = n∑
i=1aixi ∈X∗(T)⊗Z C = (Lie T)∗.
Then Πx(φ) consists of all discrete series representations of Hx with infinitesimal character λ0. In-
deed, Harish-Chandra associated to each λ ∈W (H,T).λ0 an irreducible discrete series representation
pix(λ), such that pix(λ) ≃ pix(λ′) if and only if λ ∈W (Kx,T).λ0. Hence
Πx(φ) = {pix(w−1λ0) ∶ w ∈W (H,T)/W (Kx,T)},
and the W (Kx,T)-orbit of λ is the Harish-Chandra parameter of pix(λ).
Following D. Vogan, let us define the Vogan L-packet
Π(φ) = {[x,pix(λ)] ∶ x ∈X,λ ∈W (H,T).λ0}
where we have disregarded repetitions. If we pick a representative x ∈ X for each W (H,T)-orbit
x¯ ∈X1, then we have bijections
(4) Π(φ) = ⊔
x¯∈X1 Πx(φ)←→ ⊔x¯∈X1W (H,T)/W (Kx,T).
We shall call this the Harish-Chandra parametrization, noting that it depends on the choice of
representatives x ∈ X for x¯ ∈ X1. If the orbit x¯ consists of elements of X = T[2] = µn2 with p
+1-entries and q -1-entries (with p+q=n), then we shall write the Harish-Chandra parameters of
pix(λ) ∈ Πx(φ) as
λ = (ai1 ,⋯, aip ;aj1 ,⋯, ajq)
where {ai1 ,⋯, aip , aj1 ,⋯, ajq} is a permutation of {a1,⋯, an}, with ai1 > ⋯ > aip , aj1 > ⋯ > ajq .
J. Adams observed that one can give another parametrization of Π(φ) via the bijection
(5)
Π(φ)←→X = T[2] = µn2[x,pix(λ0)]←→ x
We shall call this Adams parametrization. In view of the isomorphism (3), this gives a bijection
(6) Π(φ) naiveÐÐÐ→ Sˆφ.
Under this bijection, the trivial character of Sφ corresponds to the irreducible representation of the
compact group Hc with highest weight λ0. On the other hand, if
xb = ((−1)n, (−1)n−1,⋯,+1,−1) ∈ T[2] = µn2 ,
then under (5), xb corresponds to the unique generic representation in Π(φ). Since the desiderate of
the LLC requires the trivial character of Sφ to correspond to a generic representation, this suggests
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that one should modify the naive bijection (5) (and hence (6)) by translation-by xb. Namely, we
have a modified bijection
(7)
Π(φ)←→X ←→ Sˆφ[x,pix(λ0)]←→ x ⋅ xb ←→ χxxb .
This is Adams’ version of the LLC; we shall see shortly that it agrees with the LLC of Shelstad and
Arthur.
The LLC of Shelstad and Arthur uses the Harish-Chandra parametrization (4) as its starting
point. Recall that the bijection (4) requires the choice of a representative of W (H,T)-orbits in X.
For the orbit associated to the split group, we use the element xb ∈X, and the generic representation
pixb(λ) as the base point in Πxb(φ), so that
(8) Πxb(φ)←→W (H,T)/W (Kx,T).
We have an injection
(9)
W (H,T)/W (Kxb ,T)↪H1(R,T)
w ←→ [cw ∶ σ z→ σxb(w).w−1]
Note that:
(10)
H1(R,T) =H1(R,X∗(T)⊗
Z
C×)
= n∏
i=1H1(R, e∨i ⊗Z C×)= n∏
i=1 ei ⊗Z pi0(R×)= T[2] =X,
with x ∈X giving the 1-cocycle σ z→ x. Thus, (8), (9) and (10) give
(11) Πxb(φ)↪X.
For any other orbit x¯ ∈X1 with representative x ∈X, the complex conjugation action on H associated
to Hx differs from that for Hxb by conjugation-by xxb. This gives a 1-cocycle cx ∶ σ z→ x ⋅ xb with
the associated class [cx] ∈H1(R,T). Then we have:
(12)
Πx(φ)←→W (H,T)/W (Kx,T)↪H1(R,T)
w ←→ [σ z→ σxb(w)cx(σ)w−1]
Hence, we have a map (bijective)
(13) Π(φ) = ⊔
x¯∈X1 Πx(φ)Ð→H1(R,T) =X.
This map is in fact easily described by:
Lemma 2.2.2. The map given in (13) is given by:[x,pix(λ0)]z→ [σ z→ xxb]
In particular, it is independent of the choice of the orbit representatives x ∈X for x¯ ∈X1.
Proof. Let us consider the embedding (11) for the split group. If x = w.xb for w ∈ Sn ≤W (H,T), then
the image of [x,pix(λ0)] = [xb, pixb(w−1λ0)] under (11) is by definition the 1-cocycle σ z→ σxb(w)w−1.
But
σxb(w)w−1 = xb(wxbw−1) = xbx.
So the 1-cocycle in question is σ z→ xxb. The case for the other orbits is similarly treated. Indeed,
for the representative x ∈ X, its image under (12) is by definition the 1-cocycle cx ∶ σ z→ xxb. For
any w ∈W (H,T), the image of [x,pix(w−1λ0)] = [wx,piwx(λ0)] is by definition the 1-cocycle
σ z→ σxb(w)cx(σ).w−1 = xbwxb.x.xb.w−1 = xb.wx.
Thus proves the Lemma. 
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As a consequence of the Lemma, the map (13) agrees with the map in (7), i.e. the LLC of
Shelstad–Arthur agrees with that of Adams. We summarize the above discussion in the following
table.
Harish-Chandra Adams Langlands–Shelstad
Parameter set
for ΠH(φ) ⊔
x∈X/WHC W
H
C /WKxC .λ0 X=µn2 Sˆφ = Irr(µn2 )
λ (ai1 ,⋯, aip ;aj1 ,⋯, ajq) xik = 1, xjk = −1 χik = (−1)n+1−ik , χjk = (−1)n+2−jk
generic (⋯, an−3, an−1;⋯, an−2, an) xi = (−1)n+1−i 1
compact λ0 (a1,⋯, an; ) 1 χi = (−1)n+1−i
Table 1. LLC for SO(2n + 1)
LLC for G˜. For G˜ = Mp2n(R), the discrete series L-packet φ also gives rise to an L-packet Π˜(φ),
consisting of those discrete series representations with infinitesimal character λ0. We would like to
parametrize the representations in Π˜(φ) using Sˆφ ≃ X. One way is to proceed as in the Harish-
Chandra parametrization. If we fix a Whittaker datum for G˜, there is a unique representation
p˜ig ∈ Π˜(φ) which is generic with respect to this Whittaker datum, let’s say p˜ig has Harish-Chandra
parameter λ˜g. Then one has bijections
(14)
p˜i(φ)←→W (U(n),T)/W (Sp(2n),T).λ˜g ←→H1(R,T) ≃X ≃ µn2
w ←→ w−1σ(w).
Note that W (Sp(2n),T) = W (U(n),T) ⋉W0 = Sn ⋉ (Z/2Z)n. So we have a canonical set of coset
representatives for W (U(n),T)/W (Sp(2n),T), namely W0 = (Z/2Z)n.
On the other hand, one could use the theta correspondence to transport Shelstad’s LLC for
SO2n+1 to Mp2n. Let us fix an additive character ψa(x) = e2piiax of R with a > 0. In [Ada98], J.
Adams showed that the theta correspondence for (SO(p, q),Mp(2n)(R)) with respect to ψa gives
a bijection
(15)
X
LLCÐÐÐ→ Π(φ) ΘψaÐÐ→ Π˜(φ)
x←→ [xxb, pixxb(λ0)]
For x ∈ X such that [x,pix(λ0)] has Harish-Chandra parameter (ai1 ,⋯, aip ;aj1 ,⋯, ajq) (so xik = 1
and xjk = −1), Θψa([x,pix(λ0)]) has Harish-Chandra parameter(ai1 ,⋯, aip ;−ajq ,⋯,−aj1).
Moreover, Θψa([xb, pixb(λ0)]) is the unique ψa-generic representation in Π˜)(φ). Now we have:
Lemma 2.2.3. The two bijections X ←→ Π˜(φ) in (14) and (15) are equal. (where we use the
ψa-Whittaker datum in (14))
Proof. Starting with x ∈ X, the bijection in (15) produces the representation Θψa([xxb, pixxb(λ0)])
which has Harish-Chandra parameter given by:(ai, i ∈ I+xxb ;−aj , j ∈ I−xxb)
where ⎧⎪⎪⎨⎪⎪⎩I
+
xxb
= {1 ≤ i ≤ n ∶ (xxb)i = +1}
I−xxb = {1 ≤ j ≤ n ∶ (xxb)j = −1}
In the bijection (14), the map (Z/2Z)n ≃W0 Ð→H1(R,T) ≃X = µn2
is the natural isomorphism (componentwise). If x ∈X gives rise to wx ∈W0, then
wx.λ˜g = (ai, i ∈ I+xxb ;−aj , j ∈ I−xxb)
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Since λ˜g is the Harish-Chandra parameter associated to xb, i.e.
λ˜g = (ai, i ∈ I+xb ;aj , j ∈ I−xb).

We summarize this discussion in the following table.
Harish-Chandra Adams Langlands–Shelstad
Parameter set
for ΠMp2nφ W
G
C /WKC ≃< σi >i=1,⋯,n X = µn2 Sˆφ = Irr(µn2 )
LLC ∏is∈I σis , I = {i1,⋯, it} xis = −1, xj = 1 χis = (−1)n+2−is , χj = (−1)n+1−j
λn (a1,⋯, an) 1 χi = (−1)n+1−i
generic λg (⋯, an−3, an−1,−an,−an−2,⋯) xi = (−1)n+1−i 1
general λ (ai1 ,⋯, aip ,−ajq ,⋯,−aj1) xik = 1, xjk = −1 χik = (−1)n+1−ik , χjk = (−1)n+2−jk
Table 2. LLC for G˜
Here σi is the reflection with respect to ai, i.e. σi(⋯, ai,⋯) = (⋯,−ai,⋯). And j varies over the
subset {1,⋯, n}/{i1,⋯, it}.
2.3. Gan–Ichino multiplicity formula. Given the local Langlands correspondence for G˜, we
would like to recall Gan–Ichino’s global multiplicity formula for elliptic tempered A-parameters of
G˜ in L2disc(G(F˙ )/G˜(A)) (cf. [GI17]). Suppose that F˙ is a number field, with A its associated
Ade`le ring. Fix an additive character of A/F˙ as in [GL16]. We investigate the multiplicity of
any representation of Mp2n(A) in the Ψ-near equivalence subspace L2Ψ(Mp2n) if Ψ is an elliptic
tempered A-parameter. As is well known, such Ψ is a multiplicity-free sum of irreducible symplectic
cuspidal automorphic representations Ψi of GLni(A) as follows:
Ψ =⊕
i
Ψi,
where Ψi is of symplectic type for all i. We may then formally define its centralizer as a free
Z/2Z-module
SΨ =⊕
i
Z/2Z ai
with a basis {ai}i, where each ai corresponds to Ψi. At any place ν of F˙ , this gives rise to a local
L-parameter Ψν together with a canonical map SΨ Ð→ SΨν Ð→ AΨν ∶= pi0(SΨν ). Then we have a
compact group AΨ,A = ∏
ν
AΨν equipped with the diagonal map ∆ ∶ SΨ Ð→ AΨ,A. Note that for any
η =⊗ν ην ∈ AˆΨ,A, we may form an irreducible genuine representation
p˜iη =⊗
ν
p˜iην
of Mp2n(A), where p˜iην is the associated genuine representation of Mp2n(F˙ν) in the sense of the
local Langlands correspondence of G˜ (see Section 2.1). Last but not least, we define a quadratic
character Ψ of SΨ by setting
Ψ(ai) = (1/2,Ψi),
where (1/2,Ψi) ∈ {±1} is the root number of Ψi.
Theorem 2.3.1 (Global multiplicity formula). (see [GI17]) Let Ψ be an elliptic tempered A-parameter
for Mp2n. Then we have
L2Ψ(Mp2n) ≃ ⊕
η∈AˆΨ,Amηp˜iη,
where
mη = ⎧⎪⎪⎨⎪⎪⎩1, if ∆
∗(η) = Ψ;
0, otherwise.
In particular, L2Ψ(Mp2n) is multiplicity-free.
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Proof. One may consult [GI17] for details. 
3. endoscopy theory and trace formula
In this section, we recall some results of the endoscopy theory which will be used in the proof of the
endoscopic character identities. For full details, please refer to W.W. Li’s papers [Li11, Li15, Liar].
3.1. Endoscopy. Let F be a non-archimedean field of characteristic zero. Fix a symplectic F -vector
space (W, ⟨⋅, ⋅⟩) of dimension 2n. Write G = Sp(W ) and its associated metaplectic group G˜. Before
we continue further, we first recall the parametrization of semisimple conjugacy classes as follows
which would be involved in the definition of transfer factor. For details, please refer to [Wal01] or
[Li11].
3.1.1. Regular semisimple conjugacy classes.● Sp(W ) with dim W = 2n: the regular semisimple conjugacy classes are parametrized by the
following data O(K/K#, x, c):
– (K,τ) 2n-dimensional e´tale F -algebra with involution τ . Denote K# the τ -fixed e´tale
subalgebra of K.
– x ∈K× such that τ(x) = x−1, and K = F [x].
– c ∈K× with τ(c) = −c.● Split SO(V, q) with dim V=2m+1: the strongly regular semisimple conjugacy classes are
parametrized by the following data O(K/K#, x, c):
– (K,τ) 2m-dimensional e´tale F -algebra with involution τ . Denote K# the τ -fixed e´tale
subalgebra of K.
– x ∈K× such that τ(x) = x−1, and K = F [x].
– c ∈K× such that τ(c) = c.● O(K1/K#1 , x1, c1) and O(K2/K#2 , x2, c2) are equivalent if and only if there exists an F -
algebra isomorphism and involution σ ∶ (K1, τ1) ∼Ð→ (K2, τ2) such that σ(x1) = x2 and
σ(c1)c−12 ∈ NK2/K#2 (K×2 ).
3.1.2. Transfer factor. For the convenience of readers, we summarize the properties of transfer factor
as follows. For details, one may consult [Li11].● (Elliptic endoscopic groups) An elliptic endoscopic datum for G˜ is an ordered pair (n′, n′′) ∈
Z2≥0 verifying n′ + n′′ = n. The corresponding endoscopic group is
H ∶=Hn′,n′′ = SO(2n′ + 1) × SO(2n′′ + 1).● (Stable conjugacy) Two regular semisimple elements δ˜1, δ˜2 ∈ G˜ are called stably conjugate
whenever δ1 and δ2 are stably conjugate in G, and Θψ(−δ˜1) = Θψ(−δ˜2). Here Θψ is the
character of Weil representation ωψ of G˜, and −δ˜i = (−1) ⋅ δ˜i with (−1) the canonical lift in
G˜ of −1 ∈ G (see [Li11, Definition 2.9]).● (Norm correspondence) Fix an endoscopic datum (n′, n′′). We say that two regular semisim-
ple elements δ˜ ∈ G˜ and γ = (γ′, γ′′) ∈ H(F ) are of norm correspondence, if δ ∈ G(F ) and
γ = (γ′, γ′′) ∈H(F ) correspond in terms of parameters:
γ ∈ O(K ′/K ′#, x′, c′)×O(K ′′/K ′′#, x′′, c′′)←→ δ ∈ O(K/K#, (x′,−x′′), c) with K =K ′ ×K ′′.
In such case, we say (δ˜, γ) is a norm pair.● (Transfer factor) For a norm pair (γ, δ˜) with(γ, δ) ∈ (O(K ′/K ′#, x′, c′) ×O(K ′′/K ′′#, x′′, c′′),O(K/K#, (x′,−x′′), c)),
where K =K ′ ×K ′′. We define the transfer factor as follows.
∆(γ, δ˜) ∶= Θ′ψ∣Θ′ψ ∣ (−δ˜′) ⋅ Θ
′′
ψ∣Θ′′ψ ∣ (δ˜′′) ⋅ sgnK′′/K′′#(Px′(−x′′)(x′′)−n′det(δ′ + 1)),
where Θ′ψ (resp.Θ′′ψ) is the Harish-Chandra character of the Weil representation ω′ψ (resp. ω′′ψ)
of G˜′ ∶= Mp(W ′) ×µ2 µ8 (resp. G˜′′), and Px′ ∈ F [T ] is the characteristic polynomial of
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x′ ∈ K ′×. Conventionally, ∆(γ, δ˜) ∶= 0 if (γ, δ˜) is not a norm correspondence pair. Such
defined transfer factor has the following known properties:
– (Genuine) ∆(γ, δ˜) = ∆(γ, δ˜) for  ∈Ker(p).
– (Cocycle property) If δ˜ and δ˜1 are stably conjugate, ∆(γ, δ˜1) = ⟨κ, inv(δ, δ1)⟩∆(γ, δ˜),
where inv(δ, δ1) is the associated cocycle in H1(F,Gδ), and the endoscopic character
κ is defined as the product map of the second component of H1(F,Gδ) = H1(F,T ′) ×
H1(F,T ′′) = µI′∗2 × µ′′∗2 , where I ′∗1 and I ′′∗2 are constants determined by γ = (γ′, γ′′).
– (Symmetric) ∆n′,n′′((γ′, γ′′), δ˜) = ∆n′′,n′((γ′′, γ′),−δ˜).
– (Normalization a` la Waldspurger) Let K = G(OF ) ⊂ G(F ) and KH = H(OF ) ⊂ H.
Then for norm correspondence pairs (γ, δ) ∈K ×KH , ∆(γ, δ) = 1 provided (γ, δ) are of
regular reduction.
– (Product formula) Suppose (γ, δ) ∈ HG−reg(F˙ ) ×G(F˙ ) is a norm correspondence pair,
and δ = (δ˜ν)ν in G˜(A), then∗ ∆ν(γ, δ˜ν) = 1 for almost all place ν;∗ ∏ν ∆(γ, δ˜ν) = 1.
– (Parabolic descent) If a norm pair (γ, δ) lies in a Levi subgroup MH ×M with
MH =∏
i∈I(GL(n′i) ×GL(n′′i )) ×Hb, M =∏i∈I GL(ni) ×Gb, and ni = n′i + n′′i ,
then (γb, δb) is also a norm pair in Hb ×Gb. Denote by ∆H,G˜ and ∆Hb,G˜b the transfer
factors associated to (H,G) and (Hb,Gb) respectively, then
∆H,G˜(γ, δ˜) = ∆Hb,G˜b(γb, δ˜b),
where δ˜b is given by the relation: j(σGL(δGL), δ˜b) = δ˜, with δ = δGL × δb and σGL the
natural splitting defined in [Luoar, Section 2.1]. Here j ∶ G˜′ × G˜′′ Ð→ G˜ is the natural
product map with respect to the decomposition W =W ′ +W ′′.
3.1.3. Transfer of orbital integrals. For x ∈ G, set Gx ∶= CG(x)o, and let
DG(x) = ∣det(1 −Ad(x)∣Lie G/Lie Gx)∣1/2.
Let C∞c (G˜)−− be the anti-genuine subspace of C∞c (G˜), i.e. f˜(x˜) = −1f˜(x˜), similarly for other
groups and function spaces. We define the normalized (stable) orbital integral on γ ∈ Hreg for
f ∈ C∞c (H(F )) as
(H) Oγ(f) =DH(γ)∫
Hγ(F )/H(F ) f(h−1γh)dh, SOγ(f) =DH(γ)∫(Hγ/H)(F ) f(h−1γh)dh.
Similarly, for δ˜ ∈ G˜reg, and f˜ ∈ C∞c (G˜)−−,
(G) Oδ˜(f˜) =DG(δ)∫
Gδ(F )/G(F ) f˜(g˜−1δ˜g˜)dg
Remark 1. We use the unique Haar measures on G and H such that the measures of G(OF ) and
H(OF ) are both 1, and the Haar measures for (H) and (G) are compatible i.e. they are defined via
the canonical isomorphisms between the centralizers of regular elements.
As in [Liar], we set I(G˜)−− ∶ = {Oδ˜(f˜) ∶ f˜ ∈ C∞c (G˜)},
SI(Hn′,n′′) ∶ = {SOγ(f) ∶ f ∈ C∞c (Hn′,n′′(F ))};Icusp(G˜)−− ∶= the subspace in I(G˜)−− of elements supported on the elliptic set,
SIcusp(Hn′,n′′(F )) ∶= the subspace in SI(Hn′,n′′(F )) of elements supported on the elliptic set.
Note that these spaces consist of certain functions on semisimple regular conjugacy classes. The
following big theorem is the culmination of the fundamental work of W.W. Li [Li11, Liar] plus an
-contribution of the author [Luoar].
Theorem 3.1.1.
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(i) (Transfer Theorem) Given f˜ ∈ C∞c (G˜)−−, there exists fH ∈ C∞c (H(F )) such that∑
δ
∆(γ, δ˜)Oδ˜(f˜) = SOγ(fH)
for all γ ∈HG−reg(F ). We say (f˜ , fH) is a transfer pair for (G˜,H(F )).
(ii) (Fundamental Lemma) Suppose the residue characteristic p is not a power of 2, K = G(OF ) ⊂
G(F ) and KH = H(OF ) ⊂ H(F ), we define µK(x) ∶= −1 if x ∈ K, otherwise 0. Then(µK ,1KH ) is a transfer pair provided mes(K) =mes(KH) = 1.
More generally, there is a natural algebra homomorphism
b ∶H(G˜)−− Ð→H(H)
of (anti-genuine) spherical Hecke algebras such that for any f˜ ∈ H(G˜)−−, one may take fH =
b(f˜) ∈H(H).
(iii) (Isomorphism Theorem) The collective transfer mapT E ∶ Icusp(G˜)−− Ð→ ⊕
Hn′,n′′
SIcusp(Hn′,n′′)
is an isomorphism.
Moreover, this isomorphism is an isometry under the natural elliptic inner product (see
[Liar, Corollary 5.2.5]).
3.1.4. Compatibility with parabolic descent. Let P˜ = M˜N be a standard parabolic subgroup of G˜.
Let K = G(OF ) ⊂ G(F ). Denote K˜ to be the preimage of p ∶ G˜Ð→ G. For f˜ ∈ C∞c (G(F ))−−, define
the constant term along P as
¯˜
f (P )(m˜) = δP (m)1/2 ∫
N
¯˜
f(m˜n)dn,
where
¯˜
f(g˜) = ∫
K˜
f˜(k˜g˜k˜−1)dk˜, and δP (m) = ∣det(Ad(m)∣Lie N)∣.
Here we take the unique Haar measures on N and K˜ such that mes(N ∩K) =mes(K˜) = 1.
Before ending this subsection, we recall the parabolic descent property of transfer pairing (f˜ , fH)
which would be used later on. Given a Levi subgroup Ms0 of H = SO(2n′ + 1) × SO(2n′′ + 1) as
Ms0 =∏
i∈I GL(ni) × SO(2m′ + 1) × SO(2m′′ + 1),
where s0 = (1m′ ,−1m′′). There exists an associated Levi subgroup M of G:
M =∏
i∈I GL(ni) × Sp(2m′ + 2m′′).
In such case, we denote (I ′, I ′′) to be a partition of I such that n′ =m′+ ∑
i∈I′ ni and n′′ =m′′+ ∑j∈I′′ nj ,
and Ms0 = (∏
i∈I′GL(ni)×SO(2m′ + 1))× ( ∏i∈I′′GL(ni)×SO(2m′′ + 1)) as a natural Levi subgroup of
H.
Definition. Let z[s0] ∶= ((zi)i∈I ,1) ∈Ms0(F ) be the element of order 2 defined by
zi = { 1, if i ∈ I ′;−1, if i ∈ I ′′.
For f ∈ C∞c (Ms0), we define fs0 to be the twisted function by z[s0] as follows.
fs0(m) ∶= f(z[s0]m).
Lemma 3.1.2. ([Liar, Theorem 3.4.6]) Let G˜, M˜ , Ms0 , and H be as in the previous definition.
For every f˜ ∈ C∞c,−−(G˜), let fH be a transfer of f˜ to H. Then ¯˜f (M˜) and (fH)(Ms0)s0 is a transfer pair
for the Levi subgroups (M˜, Ms0).
3.2. Trace formulas. In this subsection, we would like to recall Arthur’s and W.W. Li’s trace
formulas which will play an essential role in our local-global arguments.
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3.2.1. Stable trace formula: elliptic regular terms. Note that W.W. Li has established the stable trace
formula for elliptic terms [Li15], but we only need to use the elliptic regular part. For simplicity,
we herein just state this part. Let Γrel(G(F˙ )) be the set of representatives for the elliptic regular
semisimple conjugacy classes in G(F˙ ), ΣG−rel(H(F˙ )) the set of representatives for the elliptic G-
regular semisimple stable conjugacy classes in H(F˙ ); similarly for other groups.
Definition 3.2.1. ● For f˜ ∈ C∞c (G˜(A))−−, we define the elliptic regular part of the trace
formula in [Li15] for f˜ by T G˜rel(f˜) as follows.
T G˜rel ∶= ∑
δ∈Γrel(G(f˜)) τ(Gδ)Oδ(f˜)
where Oδ(f˜) = ∏ν Oδ˜ν (f˜ν) with δ = (δ˜ν)ν in G˜(A), for f˜ = ⊗ν f˜ν , and τ(Gδ) is the Tama-
gawa number of Gδ which equals to 1.● Suppose H is an endoscopic groups of G˜. For fH ∈ C∞c (H(A)), we define the stable analogue
STHG−rel(fH) for H as follows.
STHG−rel(fH) ∶= τ(H) ∑
γ∈ΣG−rel(H(f˜))SO
H
γ (fH)
where SOHγ (fH) = ∏ν SOHγ (fHν ) for fH = ⊗ν fHν , and τ(H) is the Tamagawa number of
H.
Theorem 3.2.2 (Stable trace formula: elliptic regular terms). Suppose f˜ = ⊗ν f˜ν ∈ C∞c (G˜)−− and
an ade´lic transfer function fH = ⊗ν fHν ∈ C∞c (H(A)) is chosen for each given elliptic endoscopic
group H ∶=Hn′,n′′ . Then we have
T G˜rel(f˜) = ∑
H∶=Hn′,n′′
n′+n′′=n
ι(G˜,H)STHG−rel(fH),
where ι(G˜,H) = 1/2 if one of n′ and n′′ is zero, and ι(G˜,H) = 1/4 otherwise.
Proof. One may refer to [Li15, Theorem 5.2.6] or [Luoar] for details. 
3.2.2. Simple trace formulas. Our second input is the stable trace formulas of Arthur. Before stat-
ing Arthur’s simple trace formula, we introduce some notions on test functions. Say f˜ = ⊗v f˜v ∈
C∞c (G˜(A))−− is supercuspidal at a finite place v0 if trace p˜iv0(f˜v0) = 0 for all irreducible genuine
non-supercuspidal representations p˜i; one has a similar notion for test functions in C∞c (H(A)). Note
that supercuspidal functions are cuspidal in the sense of Section 3.1.3.
Arthur’s simple trace formula. ([Art88, Corollary 7.3 & 7.4]) Consider test functions f =⊗v f ′v ∈
C∞c (H(A)) which satisfy the following conditions:● At some finite place v0, f is supercuspidal.● At another finite place v1, fv1 is supported on the elliptic regular semisimple locus of Hv1 .
Then ∑
γ∈H(F˙ )rel/conj vol(Hγ(F˙ )/Hγ(A)) ∫Hγ(A)/H(A) f(x−1γx)dx= ∑
pi⊂L2cusp(H(F˙ )/H(A))m(pi)trace pi(f)
where m(pi) is the multiplicity of pi in L2cusp(H(F˙ )/H(A)).
Simple trace formula for G˜. ([Li14b, Theorem 6.7]) Consider anti-genuine test functions f˜ =⊗v f˜v ∈ C∞c (G˜(A))−− which satisfy the following conditions:● At some finite place v0, f˜ is supercuspidal.● At another finite place v1, f˜v1 is supported on the elliptic regular semisimple locus of G˜v1 .
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Then ∑
δ∈G(F˙ )rel/conj vol(Gδ(F˙ )/Gδ(A)) ∫Gδ(A)/G(A) f˜(x−1δx)dx= ∑
p˜i⊂L2cusp(G(F˙ )/G˜(A))m(pi)trace p˜i(f˜)
where m(p˜i) is the multiplicity of p˜i in L2cusp(G(F˙ )/G˜(A)).
Our last input is Arthur’s stable multiplicity formula for split SO(2n + 1). But for our purpose,
we only need the following simple forms. For full details, one may consult [Art13, Theorem 4.1.2].
In what follows, for endoscopic groups L′ of L, we use the same notation SL′disc,Ψ as in [Art13,
Section 3.3] to indicate the contribution of an A-parameter Ψ of the reductive group L in the stable
distribution SL
′
disc.
Theorem 3.2.3. (Arthur’s stable multiplicity formula) Given an elliptic tempered A-parameter Ψ
of L ∶= SO(2n+1), we denote SΨ to be the global component group associated to Ψ in Lˆ = Sp(2n,C)
which is a finite abelian 2-group. Then for any f =⊗ν fν ∈H(SO(2n + 1)), we have
SLdisc,Ψ(f) = 2∣SΨ∣∏ν ΘΨν (fν).
Moreover, if Ψ factors through an elliptic endoscopic group L′ ∶= SO(2n′ + 1) × SO(2n′′ + 1) of L,
we further have
(i) If Ψ = Ψ1⊕Ψ2 factors through Lˆ′ in a unique way up to Lˆ′-conjugation, then for test functions
f ′ = f ′1⊗ f ′2 with f ′1 =⊗ν f ′1,ν and f ′2 =⊗ν f ′2,ν , we have:
SL
′
disc,Ψ(f ′) = 2?∣SΨ∣∏ν ΘΨ1,ν (f ′1,ν) ×∏ν ΘΨ2,ν (f ′2,ν) = SSO(2n′+1)disc,Ψ1 (f ′1) × SSO(2n′′+1)disc,Ψ2 (f ′2),
where ? = 2 if n′ ≠ 0 and n′′ ≠ 0, and ? = 1 otherwise.
(ii) If n′ = n′′, and Ψ = Ψ1 ⊕ Ψ2 factoring through Lˆ′ in two ways up to Lˆ′-conjugation, i.e.
Ψ = Ψ1 ⊕Ψ2 and Ψop = Ψ2 ⊕Ψ1, then we have
SL
′
disc,Ψ(f ′) = 22∣SΨ∣∏ν ΘΨ1,ν (f ′1,ν) ×∏ν ΘΨ2,ν (f ′2,ν) + 22∣SΨ∣∏ν ΘΨ2,ν (f ′1,ν) ×∏ν ΘΨ1,ν (f ′2,ν).
(iii) In general, we denote by Ψ(L′,Ψ) the set of equivalence classes of A-parameter Φ of L′ which
gives rise to the A-parameter Ψ of L. Then we have
SL
′
disc,Ψ(f ′) = 2?∣SΨ∣ ∑Φ∈Ψ(L′,Ψ)∏ν ΘΦν (f ′ν),
where ? = 2 if n′ ≠ 0 and n′′ ≠ 0, and ? = 1 otherwise.
Building upon the above trace formulas, we shall obtain a simple stable trace formula for G˜ as
follows.
Corollary 3.2.4. (Simple stable trace formula I) Fix the notaions as above. Take simple test
functions f˜ =⊗ν f˜ν ∈ C∞c (G˜(A))−− such that● at a finite place ν1, f˜ν1 is cuspidal,● at another finite place ν2, f˜ν2 is supercuspidal and● at an extra finite place ν3, f˜ν3 is supported on the regular semisimple, elliptic locus of G˜ν3 .
For such test functions, we obtain a spectral simple stable trace formula for G˜ with respect to an
elliptic tempered A-parameter Ψ of G˜ as follows.
∑⊗νην ∈AˆΨ,A ∶
∆∗(⊗νην)=Ψ
∏
ν
Θp˜iην (f˜ν) = ∑(n′,n′′) 1∣SΨ∣ ∑Φ∈Ψ(Hn′,n′′ ,Ψ)∏ν ΘΦν (fHn′,n′′ν ).
Here fHn′,n′′ is the associated transfer function on Hn′,n′′ .
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Proof. Given the simple test functions f˜ , the simple trace formula of G˜ gives rise to
(⋆′) T G˜rel(f˜) = IG˜disc(f˜) ∶= ∑
p˜i⊂L2
disc
(G(F˙ )/G˜(A))m(p˜i)trace p˜i(f˜).
Similarly, the simple stable trace formula [Liar, Theorem 8.1.4] gives
ST
Hn′,n′′
G−rel (fHn′,n′′ ) = SHn′,n′′disc (fHn′,n′′ ).
Thus the geometrical stable trace formula in Theorem 3.2.2 gives rise to a spectral stable trace
formula (see [Liar, Theorem 8.1.4])
IG˜disc(f˜) = ∑(n′,n′′) ι(G˜,Hn′,n′′)SHn′,n′′disc (fHn′,n′′ ).
On the other hand, following Arthur’s standard procedure on extracting the Ψ-part of the stable
trace formula (cf. [Art13, Chapter 3]), Gan–Ichino’s global multiplicity formula for Ψ (see Theorem
2.3.1) says that
(⋆⋆′) IG˜disc,Ψ(f˜) = ∑⊗νην ∈AˆΨ,A ∶
∆∗(⊗νην)=Ψ
∏
ν
Θp˜iην (f˜ν).
On the other hand, Arthur’s stable multiplicity formula (see Theorem 3.2.3) says that,
S
Hn′,n′′
disc,Ψ (fHn′,n′′ ) = 2?∣SΨ∣ ∑Φ∈Ψ(Hn′,n′′ ,Ψ)∏ν ΘΦν (fHn′,n′′ν ).
Here ? = 2 if n′n′′ ≠ 0, otherwise ? = 1. Whence the corollary holds. 
Remark 2. As pointed out by the referee, it is a priori possible for all supercuspidal test functions
of G˜ to be transfered to zero for a particular H. To overcome this difficulty, we apply Gan–Ichino’s
result on the no-embedded eigenvalues property for Ψ (see [GI17, Remark 1.2]). We may then weaken
our supercuspidal condition on f˜ν2 to be just cuspidal. This is the right version stated as follows
which we would use later on.
Corollary 3.2.5. (Simple stable trace formula II) Fix the notations as above. Take simple test
functions f˜ =⊗ν f˜ν ∈ C∞c (G˜(A))−− such that● at two finite places ν1, ν2, f˜ν1 and f˜ν2 are cuspidal, and● at an extra finite place ν3, f˜ν3 is supported on the regular semisimple, elliptic locus of G˜ν3 .
For such test functions, we obtain a spectral simple stable trace formula for G˜ with respect to an
elliptic tempered A-parameter Ψ of G˜ as follows.
∑⊗νην ∈AˆΨ,A ∶
∆∗(⊗νην)=Ψ
∏
ν
Θp˜iην (f˜ν) = ∑(n′,n′′) 1∣SΨ∣ ∑Φ∈Ψ(Hn′,n′′ ,Ψ)∏ν ΘΦν (fHn′,n′′ν ).
Here fHn′,n′′ is the associated transfer function of Hn′,n′′ .
Proof. The only difference is that, under this weaker test function condition, Equation (⋆′) is re-
placed by
(⋆′′) T G˜ell(f˜) =∑
M
∣W (G,M)∣−1 ∑
s∈W (G,M)reg ∣det(s − 1)aM /aG ∣−1trace (MP (s,0)IP˜ ,disc(0, f˜)),
where the first sum runs over associated classes of standard Levi subgroups of G. We refer the
reader to [Li14b, Art05] for the precise definitions of other terms in the formula above. Applying
Gan–Ichino’s result on the no embedded eigenvalue property for Ψ (see [GI17]), we know that only
the term M = G contributes to the Ψ-part, which in turn gives rise to the above Equation (⋆⋆′).
Then the corollary follows from the same argument as in Corollary 3.2.4. 
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4. Transfer of parabolically induced representations
Recall that F is a local field of characteristic 0. In this section, we begin the proof of our Main
Theorem by induction on the rank of G˜2n = S̃p(8)(2n,F ). Hence we fix the endoscopic group
H = SO(2n′ + 1) × SO(2n′′ + 1) of G˜, and assume that the Main Theorem has been shown for
G˜2m = S̃p(8)(2m,F ) for arbitrary m < n. We suppose that φH ∶ LF Ð→ LH is a tempered L-
parameter of H which is not a discrete series. We shall establish the Main Theorem for such φH ’s
in this section. The case when φH is discrete series will be addressed in the next section.
4.1. Borel subgroup. We first consider the case when
φH ∶WDF Ð→ TˆH(C)↪ Hˆ(C)
factors through a maximal torus TˆH(C) of Hˆ(C). In this case, the associated L-packet of H consists
of a principal series representation induced from a character of TH ∶= T ′ × T ′′ of H = SO(2n′ + 1) ×
SO(2n′′+1). Given unitary characters α1, α2, ⋯, αn′ and β1, β2, ⋯, βn′′ of F ×, let µH = µ′H×µ′′H ∶=(α1 ⊗ α2 ⊗⋯⊗ αn′) × (β1 ⊗ β2 ⊗⋯⊗ βn′′) denote the character
diag(a1,⋯, an′ ,1, a−11 ,⋯, a−1n′ ) × diag(b1,⋯, bn′′ ,1, b−11 ,⋯, b−1n′′)z→ n′∏
i=1αi(ai) n
′′∏
j=1βj(bj)
of the diagonal maximal torus TH , and let
pi ∶= IHBH (µH) (normalized induction)
be the associated principal series representation. Note that the associated character distribution
is stable as normalized induction preserves stability. In particular, we may consider its endoscopic
transfer TranG˜H(Θpi) to G˜ = S̃p(8)(2n,F ).
On the other hand, the norm correspondence of their split tori is
T ′H × T ′′H ←→ TG = T ′G × T ′′G
γ = (γ′,1, γ′−1) × (γ′′,1, γ′′−1)z→ δ = (γ′, γ′−1,−γ′′,−γ′′−1).
We denote by µG = µ′G × µ′′G the corresponding character of TG determined by µH via:⎧⎪⎪⎨⎪⎪⎩µ
′
G(γ′, γ′−1) = µ′H(γ′,1, γ′−1)
µ′′G(γ′′, γ′′−1) = µ′′H(γ′′,1, γ′′−1)
Hence, if γ ←→ δ under the norm correspondence, we have
µH(γ) = µ′′G(−1)µG(δ).
Before going to the endoscopic transfer, we make an observation about the transfer factor of W.W.
Li concerning the split torus (cf. [Li11]).
Lemma 4.1.1. For each norm correspondence pair (γ, δ) ∈H(F )reg ×G(F )reg with (γ, δ) lying in
the split torus, we have:
∆(γ, δ˜) = (δ˜)γ(det(δ), ψ)−1,
where δ˜ = (δ, (δ˜)) with (δ˜) ∈ µ8, and γ(⋅, ψ) is the relative Weil index (see [Kud96]).
Proof. Note that we have a splitting section TG Ð→ G˜ given by
δ z→ (δ, γ(det(δ), ψ)),
and via [Li11, Corollaire 4.7]
Θψ((δ, γ(det(δ), ψ))) ∈ R>0,
where Θψ is the Harish-Chandra character of the Weil representation associated to ψ. By [Li11,
Proposition 5.11], we have
∆(γ, δ˜) = Θψ∣Θψ ∣ (δ˜)γψ(q[Cδ′])−1
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as ∆0(γ, δ) = 1. Here δ′ = (γ′, γ′−1) and q[Cδ′] is a quadratic form associated to the Cayley form
Cδ′ (see [Liar, P.544]). By [Li11, Theorem 4.16] and [Kud96, Lemma 4.1], we know that
γψ(q[Cδ′])−1 = γψ((−1)n−1)γψ((−1)n) = γψ(1)2γ(−1, ψ) = γ(−1, ψ)−1γ(−1, ψ) = 1,
whence the lemma holds. 
Consider the particular genuine representation
p˜i ∶= IG˜
B˜G
(χψµG),
where χψ is the genuine character of T˜G defined by
χψ(x, ) = γ(det(x), ψ)−1.
Now we have:
Proposition 4.1.2. The Harish-Chandra characters Θpi and Θp˜i satisfy the following character
relation for matching test functions f˜ ∈ C∞c (G˜)−− and fH ∈ C∞c (H):
Θpi(fH) = µ′′G(−1)Θp˜i(f˜) = (1/2, φ′′, ψ)Θp˜i(f˜),
where φ′′ is the L-parameter corresponding to IH′′T ′′
H
(µ′′H), and (1/2, φ′′, ψ) is independent of ψ. In
particular, for unramified characters µH ,
Θpi(fH) = Θp˜i(f˜).
Proof. By the Weyl integration formula, we have, see [CG15, Section 5.8]) for the details,
Θpi(fH) = ∫
TH(F ) µH(t)Ot(fH)dt.
Note that, by Lemma 4.1.1, we have the transfer pairing identity
Oγ(fH) = ∆(γ, δ˜)Oδ˜(f˜) = (δ˜)γ(det(δ), ψ)−1Oδ˜(f˜).
Therefore we have
Θpi(fH) = µ′′G(−1)∫
TG(F ) χψµG(δ)Oδ˜(f˜)dδ,
whence the proposition follows from the computation of symplectic local root number (see [GGP12,
Proposition 5.1]), i.e. (1/2, φ′′, ψ) = µ′′H(−1) = µ′′G(−1). 
4.2. Parabolic subgroups. Now we consider the general case where
φH ∶WDF Ð→ MˆH(C)↪ Hˆ(C),
is a tempered L-parameter factoring through a Levi subgroup MˆH(C) of Hˆ(C) such that φH ∈
Φ2(MH). The Levi subgroup MH has the form
MH ≃ (∏
i∈I′GL(ni) × SO(2m′ + 1)) × (∏i∈I′′GL(ni) × SO(2m′′ + 1)).
By composition with the embedding
ι ∶ Hˆ(C)Ð→ ˆ˜G = Sp2n(C),
we have a tempered L-parameter φ = ι ○ φH of G˜ which factors through the Levi subgroup Mˆ of ˆ˜G:
φ ∶WDF φMÐÐ→ Mˆ(C)Ð→ ˆ˜G(C)
where
M ≃∏
i∈I GLni(F ) × S̃p(8)2n0(F ),
with ⎧⎪⎪⎨⎪⎪⎩I = I
′ ∪ I ′′
n0 =m′ +m′′.
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We may write φ = φGL × φ0, where φGL denotes the GL-part of φ and φ0 denotes the Sp2n0-part.
As a 2n-dimensional representation, we have:
φ = φGL ⊕ φ0 ⊕ φ∨GL.
Now observe that MH is an endoscopic group of M which is determined by an element s0 ∈ Sφ0 =
ZSp2n0 (φ0) with s20 = 1 via:
MˆH = ZMˆ(s0).
Likewise, the endoscopic group H of G˜ is associated to an element s ∈ Sφ with s2 = 1. We shall
sometimes write:
MH =Ms0 and H = G˜s.
The element s is determined by the tuple (s0, I ′, I ′′) via:
(16) s = (s0,∏
i∈I′ 1GLni ,∏i∈I′′ −1GLni ) ∈ Mˆ(C) = Sp2n0(C) ×∏i∈I′GLni(C) × ∏i∈I′′GLni(C).
Moreover, there is a natural commutative diagram:
(17)
s0 ∈ SφM = Sφ0 ι //

Sφ ∋ s

s¯0 ∈ pi0(Sφ0) = Aφ0 ι¯ // Aφ ∋ s¯
Observe that, in general, s ≠ ι(s0), but one has
(18) s¯ = ι¯(s¯0) ∈ Aφ,
where s¯ and s¯0 are the images of s and s0 in Aφ and Aφ0 respectively.
We now consider the L-packets associated to φH and φ. By our discussion in Section 2.1, we
have:
ΠHφH = ⊔
σ∈ΠMs0
φ
{irreducible constituents of IHMs0 (σ)},
and
ΠG˜φ = ⊔
σ˜∈ΠM˜
φ
{irreducible constituents of IG˜
M˜
(σ˜)}.
We have seen before (see Section 2.1) that the above induced representations are multiplicity-free.
Hence, we have:
(⋆) ΘHφH ∶= ∑
pi∈ΠH
φH
Θpi = ∑
σ∈ΠMs0
φH
ΘIH
Ms0
(σ).
Likewise, in view of (17) and (18) above, we have:
(⋆⋆)
∑
η∈Aˆφη(s)Θp˜iη= ∑
ηM˜ ∈Aˆ
φM˜
∑
η∈Aˆφ
η○ι=ηM˜
η(ι(s0))Θp˜iη by (2)
= ∑
ηM˜ ∈Aˆ
φM˜
ηM˜(s0)( ∑
η∈Aˆφ
η○ι=ηM˜
Θp˜iη)
= ∑
ηM˜ ∈Aˆ
φM˜
ηM˜(s0)ΘIG˜
M˜
(σ˜
ηM˜
)
where the last equality follows from the fact (see [GS12, Theorem 1.3 (ii)]){irreducible consituents of IG˜
M˜
(σ˜ηM˜ )} = {p˜iη ∶ η ○ ι = ηM˜} .
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Since the character distribution ΘHφH is stable, we may consider the transfer lift of Θ
H
φH
to G˜. In
view of the parabolic descent property of transfer lifting, i.e. Lemma 3.1.2, we may apply induction
argument to deduce our desired endoscopic character identities for tempered packets. We assume
first the expected endoscopic character identities (i.e. Main Theorem) hold for any discrete series
packet of any Ms0 and the associated tempered packet for M˜0 = S̃p(8)2n0(F ).
Now we are ready to prove the desired endoscopic character identities.
Proposition 4.2.1. The following character identity holds for matching local test functions f˜ and
fH :
ΘHφH (fH) = (1/2, φ′′, ψ) ∑
η∈Aˆφ η(s)Θp˜iη(f˜).
In particular, we have the expected endoscopic character lifting identity:
Transn′,n′′(ΘHφH ) = (1/2, φ′′, ψ) ∑
η∈Aˆφ η(s)Θp˜iη .
Proof. By the Weyl integration formula and Formula (⋆) , we have
ΘHφH (fH) = ∑
TMs0
1∣W (Ms0(F ), TMs0 (F ))∣ ∫TMs0 ΘMs0φH (t)Ot(fH)dt,
where the sum is over representatives of the conjugacy classes of the maximal tori of Ms0 . By the
parabolic descent formula of orbital integral, we have:
ΘHφH (fH) = ΘMs0φH ((fH)(Ms0)).
Based on Formula (⋆⋆), the same argument implies∑
η∈Aˆφ η(s)Θp˜iη(f˜) = ∑η∈Aˆ
φM˜
η(s0)ΘM˜p˜iη( ¯˜f (M˜)),
Note that, by Lemma 3.1.2, the GL-part transfer factor is twisted by z[s], and readily the resulting
effect is that the character identities of GL-part should be twisted by the associated central sign,
thus by assumption we have:∑
η∈Aˆφ η(s)Θp˜iη(f˜) = (1/2, φ′′GL, ψ)−1(1/2, φ′′0 , ψ)−1ΘM
s0
φH
((fH)(Ms0)) = (1/2, φ′′, ψ)−1ΘHφH (fH),
where the last identity follows from the additive property of local root number (cf. [GP92, P.18]).
Whence the proposition holds. 
5. Transfer of discrete series characters: archimedean case
In this section, we shall reinterpret D. Renard’s endoscopic character identities for G˜(R) to fit
into the framework of the Main Theorem. Note that W.W. Li has reformulated D. Renard’s work
to fit into his endoscopy theory for G˜ (cf. [Liar]). Thus what we should do is to express W.W. Li’s
transfer identity in terms of the characters of component groups.
We first suppose F = R. Fix a non-trivial character ψ = ψa = e2piiax ∶ F Ð→ S1 with a > 0,
G = Sp(2n) and G˜ ∶= S̃p(8)ψ (2n) ≃ Mp(2n) ×µ2 µ8. Fix a maximal compact subgroup K of G(R)
and an anisotropic maximal torus T ⊂ G(R) such that T ⊂ K. Consider an endoscopic group
H ∶= SO(2p0 + 1) × SO(2q0 + 1) of G˜ with p0 + q0 = n. For discrete series L-parameter of SO(p, q)
associated to a Harish-Chandra parameter
λp = (a1,⋯, ap0 ; b1,⋯, bq0)
with p0 = [p/2] and q0 = [q/2], where ai, bj ∈ Z + 1/2, a1 > ⋯ > ap0 > 0, b1 > ⋯ > bq0 > 0, then
the theta-lift with respect to ψ of piλp to Mp(2n)(R) is the discrete series representation p˜iλ′p with
Harish-Chandra parameter
λ′p = (a1,⋯, ap0 ,−bq0 ,⋯,−b1).
Notice that we may also regard λp as Harish-Chandra parameter of H, i.e. (a1,⋯, ap0)×(b1,⋯, bq0).
For this pair (λp, λ′p), we denote by φ the corresponding L-parameter, and ΘHφ = ΘHλp the stable
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distribution of H associated to λp. Then we have the following theorem which was proved by D.
Renard (cf. [Ren99, Proposition 6.2]) and later reformulated by W.W. Li (cf. [Liar, Theorem 7.3.7]).
Theorem 5.0.1. Use the same notations defined above, we then have:
Tranp0,q0(ΘHλp) = eλ′p−ρ♢((1p0 ,−1q0)) ∑
w∈WGC /WKC κT (w−1)ΘG˜p˜iw−1λ′p ,
where ρ♢ = (p0,⋯,1) × (q0,⋯,1), eλ′p−ρ♢ is a genuine character of T˜ (cf. [Liar, Ren99]) and κT is
the endoscopic character of T associated to H
κT ∶W (G,T )/W (G(C), T (C)) =H1(R, T )Ð→ µ2.
In what follows, we reformulate the above character identities to fit into our Main Theorem.
For this purpose, we will use the explicit local Langlands correspondence for Mp(2n)(R) a` la J.
Adams which we have discussed in Section 2 (see also [Ada10, Ada98]). Now we can start proving
the expected endoscopic character identities for (H, G˜) at real places. We first transfer our Harish-
Chandra parameter λ′p = (a1,⋯, ap0 ,−bq0 ,⋯,−b1) to
λn ∶= (a1,⋯, app0 , bqq0 ,⋯, b1)
using
w0 = ∏
j∈Iq σj ∈WGC , with Iq = {q1,⋯, qq0}.
Note that in Theorem 5.0.1, we have:
(19)
Tranp0,q0Θ
H
φ = eλ′p−ρ♢((1p0 ,−1q0)) ∑
w∈WGC /WKC κT (w−1)ΘG˜p˜iw−1λ′p= eλ′p−ρ♢((1p0 ,−1q0)) ∑
w∈WGC /WKC κT (w−1)ΘG˜p˜iw−1w0λn= eλ′p−ρ♢((1p0 ,−1q0)) ∑
w∈WGC /WKC κT (w−1w−10 )ΘG˜p˜iw−1λn .
Here ρ♢ = (p0,⋯,1) × (q0,⋯,1).
Note also that our expected character identity can be expressed as summation over w ∈WGC /WKC
via the local Langlands correspondence for G˜ as follows.
(20)
Tranp0,q0Θ
H
φ
?= (1/2, φs=−1, ψ) ∑
η∈Sˆφ η(s)ΘG˜p˜iη= (1/2, φs=−1, ψ) ∑
w∈WGC /WKC χx−1b (s)χw−1(s)ΘG˜p˜iw−1λn .
Here s ∈ Sφ with spi = 1, sqj = −1, and χw−1 is the character of Sφ associated to w−1 under the LLC
for G˜ in Table 2.2.
Comparing the Formulas (19) and (20), it suffices to prove that
eλ
′
p−ρ♢((1p0 ,−1q0))κT (w−1w−10 ) = (1/2, φs=−1, ψ)χx−1b (s)χw−1(s)(21)
holds for any w ∈WGC /WKC , i.e.
eλ
′
p−ρ♢((1p0 ,−1q0))κT (ww−10 ) = (1/2, φs=−1, ψ)χx−1b (s)χw(s)(22)
holds for any w = ∏
i∈I′p σi × ∏j∈I′q σj ∈WGC with I ′p ⊂ Ip and I ′q ⊂ Iq.
Observe that for w = ∏
i∈I′p σi× ∏j∈I′q σj with I ′p ⊂ Ip and I ′q ⊂ Iq, the corresponding character χω under
LLC for G˜ has the following form:
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χw,k = (−1)n+1−k, k ∉ I ′p ∪ I ′q;
χw,i = (−1)n+2−i, i ∈ I ′p;
χw,j = (−1)n+2−j , j ∈ I ′q.
Here χw,⋅ stands for the corresponding component of χw. Thus we obtain
χw(s) = ∏
j∈Iq/I′q(−1)n+1−j ∏j∈I′q(−1)n+2−j= (−1)#I′q ∏
j∈Iq(−1)n+1−j .
Also we have
χx−1
b
(s) = ∏
j∈Iq(−1)n+1−j ,
and by [Kna94, Theorem 3]), we have
(1/2, φs=−1, ψ) = q0∏
j=1(−1)bqj+1/2.
Therefore the right-hand side of Formula (22) equals
(−1)#I′q q0∏
j=1(−1)bqj+1/2.
For the left-hand side, we know
ww−10 = ∏
i∈I′p σi × ∏j∈Iq/I′q σj ,
so
κT (ww−10 ) = (−1)#(Iq/I′q).
Also observe that the S̃L2(R)-computation in [Ada98, P.175] gives
exp(( pi−pi )) = (−12,1) ∈ S̃L2(R), e−bqj (exp(( pi−pi ))) = e−bqjpii = (−1)(−1)bqj ,
and the canonical element −12q0 ∈ S̃p(2q0) acting on Weil representation by -1 is
(−1q0 −1q0) = ((−1q0 −1q0) , γ((−1)q0 , ψ)) ([Kud96, Chapter II Proposition 4.3]).
So we have
eλ
′
p−ρ♢((1p0 ,−1q0)) = q0∏
j=1(−1)(−1)bqj ⋅ (−1) q0(q0+1)2 γ((−1)q0 , ψ)
= q0∏
j=1(−1)(−1)bqj ⋅ (−1) q0(q0+1)2 (−1) q0(q0−1)2 (−1) −q02
= q0∏
j=1(−1)(−1)bqj ⋅ (−1)q0(−1) −q02
= q0∏
j=1(−1)bqj−1/2.
Thus the left-hand side of Formula (22) equals
(−1)#(Iq/I′q) q0∏
j=1(−1)bqj−1/2 = (−1)#(I′q)
q0∏
j=1(−1)bqj+1/2,
which really equals the right-hand side of Formula (22), whence the expected character identity
holds.
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Corollary 5.0.2. Use the same notations defined above, we then have
Tranp0,q0(ΘHφ ) = (1/2, φs=−1, ψ) ∑
η∈Sˆφ η(s)ΘG˜p˜iη .
Remark 3. As noted, the case that λp is not G-regular has not been discussed so far. But D. Renard
has also established the general case using a coherent continuation argument in [Ren99]. Indeed, we
could prove this via global argument as what we would do in the next section for non-archimedean
cases. We leave the details for the reader.
Remark 4. As pointed out by the referee, the corollary follows easily from J. Adams 1994 ICM report
[Ada95, Theorem 4.9] and W.W. Li’s reformulation of Theorem 5.0.1 [Liar, Theorem 7.3.7]. But we
would like to keep the above computation in its own right.
Complex groups, i.e. F = C. Recall that G˜(C) = G(C) × µ8, H(C) = SO2n′+1(C) × SO2n′′+1(C).
The endoscopy theory for (G˜(C),H(C)) shown by W.W. Li gives:● The transfer factor ∆(γ, (t, δ)) = t for all t ∈ µ8 and norm pair (γ, δ) with γ ∈H(C), δ ∈ G(C).
This means that one may identify C∞c (G˜(C))−− with C∞c (G(C)) via f˜ z→ f(⋅) ∶= f˜(⋅,1).● (Transfer map) For f ∈ C∞c (G(C)), there exists fH ∈ C∞c (H(C)) such that
Oγ(fH) = Oδ(f)
for all norm pairs (γ, δ) ∈HG−reg ×Greg with γ = (γ′, γ′′) ∈HG−reg.● (Endoscopic character identity) For matching pairs (pi, (σ′, σ′′))) of representations of torus,
i.e. pi = σ′ × σ′′, and matching pairs (f, fH) of test functions as above, we have
(1/2, σ′′)Trace IndG(pi)(f) = σ′′(−1)Trace IndG(pi)(f) = Trace IndH((σ′, σ′′))(fH),
which follows from the Weyl integration formula in the same way as in Proposition 4.1.2.
Here the (-1)-factor in the norm correspondence results in a σ′′(−1)-factor.
6. Transfer of discrete series characters: non-archimedean case
In this section, based on the endoscopic character identities for G˜(R), we shall use stable trace
formula of G˜ to deduce the desired endoscopic character identities for the tempered L-packets of G˜
which factors through endoscopic groups H =Hn′,n′′ ∶= SO(2n′ + 1) × SO(2n′′ + 1) as discrete series
L-packets. In what follows, we should discuss the cases n′ ≠ n′′ and the case n′ = n′′ separately.
Before turning to the local-global argument, we first summarize some necessary inputs.
6.1. Globalization. The input we need is the globalization of a local discrete L-parameter with
prescribed local properties.
Lemma 6.1.1 (Globalization of local field). ([Art13, Lemma 6.2.1]) Let F be a p-adic field, and r0
be a positive integer. Then there is a totally real number field F˙ with the following properties:● F˙ν0 = F for some finite place ν0 of F˙ .● There are at least r0 Archimedean places on F˙ .
W may globalize our local data (Gν0 , ψν0 ,< ⋅, ⋅ >ν0) to be (G,ψ,< ⋅, ⋅ >) as in [Liar, Proposition
8.4.1]. Let H = SO(2m+1) be a split special orthogonal group defined over Z, and S be a non-empty
finite set of finite places of F˙ . Recall that F˙S = ∏
ν∈S F˙ν , and H(F˙S) = ∏ν∈SH(F˙ν). We write Ĥ( .FS) as
the unitary dual of H(F˙S) equipped with the Fell topology. We take Uˆ to be a µˆplS -regular relatively
quasi-compact subset of Ĥ( .FS) with µˆplS (Uˆ) > 0, here µˆplS is the Plancherel measure on Ĥ( .FS).
Theorem 6.1.2 (Globalization of local representations). ([Art13, Shi12]) Let H, S and Uˆ be as
defined above. Then there exists infinitely many cuspidal automorphic representations pi of H(AF˙ )
such that● piS,∞ is unramified,● piS ∈ Uˆ and● pi∞ are discrete series representations for all real places.
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Proof. One may refer to [Art13, Lemma 6.2.2] or [Shi12, Theorem 5.8] for details. 
In what follows, we take S to be a sufficiently large finite subset of VF˙ consisting of finite places
of F˙ . Fix a discrete series representation piνi for each νi ∈ S, and fix a discrete series L-parameter
φ∞i in general position in the sense of Arthur for each ∞i ∈ V∞ (see [Art13, Lemma 6.2.2]).
Corollary 6.1.3 (Globalization of L-parameters). There exists an elliptic tempered global A-parameter
Ψ of H such that● Ψνi is the discrete series L-parameter associated to piνi for each νi ∈ S,● Ψ∞i is the fixed discrete series L-parameter φ∞i for each ∞i ∈ V∞ and● Ψ is unramified at the remaining finite places.
Proof. This follows from [Art13, Corollary 6.2.3]. 
Now we may proceed to the proof of the Main Theorem. Note that our spherical fundamental
lemma for G˜ is not available at 2-adic places, thus the proof shall be further separated into two
cases, i.e. ν0 ∤ 2 and ν0 ∣ 2.
6.2. Cases n′ ≠ n′′ and ν0 ∤ 2. Our main strategy is to apply twice the simple stable trace formula
II of G˜, i.e. Corollary 3.2.5, to get an auxiliary equation and a target one respectively. Our Main
Theorem would then be derived from an easy comparison of these two equations.
Picking test functions I: ν0 ∉ S and ν0 ∤ 2. Fix a sufficiently large S including all ramified places
of (G,ψ) and places over 2 except ν0. Let ∞1 be a fixed archimedean place of F˙ . To apply Gan–
Ichino’s multiplicity formula, one should first construct an elliptic tempered A-parameter of G˜ such
that its local component at ν0 is the same as in our Main Theorem. To achieve this, one may
apply Corollary 6.1.3 to H1 = SO(2n′ + 1) and H2 = SO(2n′′ + 1) separately, but with different local
constraints as follows.● At a finite place ν1 ∈ S, we fix an irreducible discrete series representation pi1 of H1, and an
irreducible discrete series representation pi2 of H2, such that both are associated to simple
L-parameters.● At each real place ∞i ∈ V∞, we also fix a discrete series L-parameter of H1 and H2 respec-
tively, and require their composition as L-parameter of G˜ is G-regular (see [Liar, Section
7.3]).
As n′ ≠ n′′, by Corollary 6.1.3, we obtain an elliptic tempered A-parameter Ψ of G˜ which factors
through H1 ×H2 as Ψ1 ×Ψ2 in a unique way up to Hˆ1 × Hˆ2-conjugation.
Now turn to the choice of test functions. In order to apply the simple stable trace formula, we
shall further specify the test functions we will be using. We consider f˜ = ⊗ν f˜ν ∈ C∞c,−−(G˜(AF˙ ))
satisfying● for finite places ν ∉ S, f˜ν belongs to the spherical Hecke algebra, and fHν is the corresponding
spherical function of H. This is guaranteed by the spherical fundamental lemma for (G˜,H)
(cf. [Luoar]).● for the finite place ν1 ∈ S, we take a cuspidal test function f˜ν1 such that it transfers to fHν1
with ΘHΨν1
(fHν1) ≠ 0.● for another finite place ν2 ∈ S, we take a cuspidal test function f˜ν2 such that it transfers to
fHν2 for the fixed endoscopic group H, and transfers to 0 for other elliptic endoscopic groups.
We may further require that ΘHΨν2
(fHν2) ≠ 0 by the choice of an appropriate discrete series
representation piν2 .● for an extra finite place ν3 ∈ S, we take a cuspidal test function f˜ν3 such that it is supported on
the regular semisimple elliptic locus of G˜ν3 , and such that it transfers to f
H
ν3 with Θ
H
Ψν3
(fHν3) ≠
0. This is granted by Hales’ Lemma in [Hal95, Lemma 5.1] and Arthur’s stable density
theorem (see [Art13, Proposition 6.5.1], and refer to [Sha90, Conjecture 9.2] for the explicit
statement) as follows: From Hales’ construction in [Hal95, Lemma 5.1], there exist cuspidal
functions supported on the regular semisimple elliptic locus of G˜ν3 such that their κ-orbital
integrals are ordinary orbital integrals ([Kot86, Proposition 7.1]). For such a test function
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of G˜, by Theorem 3.1.1(iii), we then get a cuspidal test function on H which is non-zero as
a stable distribution. Further by Arthur’s stable density theorem [Art13, Proposition 6.5.1],
we know that ΘHΨν3
(fHν3) ≠ 0 for some discrete L-packet.● for other ν ∈ S, we take (f˜ν , fHν ) to be a transfer pairing for (G˜,H) such that ΘHΨν (fHν ) ≠ 0.● for ∞1, set
f˜∞1 = 1∣SΨ∞1 ∣ ∑η∈SˆΨ∞1 η(s)f˜η
with f˜η pseudo-coefficients of the representations p˜iη in the L-packet of Ψ∞1 .● for other archimedean places ∞i, we take f˜∞i to be a pseudo-coefficient of p˜iηi for a fixed
ηi ∈ SˆΨ∞i .
For simplicity, we denote AΨS ∶= ∏
ν∈SAΨν to be the product of component groups of ψν , and
(1/2,Ψs=−1S , ψ) =∏
ν∈S (1/2,Ψs=−1ν , ψ), ηS =∏ν∈S ην and ΘηS(f˜S) =∏ν∈SΘην (f˜ν).
Applying the simple stable trace formula i.e. Corollary 3.2.5, we have:
(23)
∏∞i∈V∞/{∞1}Θηi(f˜∞i) × ∑η1,ηS ∶
∆∗(∏
i
ηi∏
ν
ην)=Ψ
Θη1(f˜∞1)ΘηS(f˜S)
=∣SΨ∣−1 ∏∞i∈V∞/{∞1}ΘΨ∞i (fH∞i) ×ΘΨ∞1 (fH∞1)∏ν∈SΘΨν (fHν ).
Note that
Θη1(f˜∞1) = 1∣SΨ∞1 ∣η1(s), Θηi(f˜∞i) = 1.
So the left-hand side of Formula (23) equals∑
η1,ηS ∶
∆∗(∏
i
ηi∏
ν
ην)=Ψ
Θη1(f˜∞1)ΘηS(f˜S)
=∑
ηS
∑
η1 ∶
∆∗(∏
i
ηi∏
ν
ην)=Ψ
Θη1(f˜∞1)ΘηS(f˜S)
=∑
ηS
∑
η1 ∶
∆∗(∏
i
ηi∏
ν
ην)=Ψ
1∣SΨ∞1 ∣η1(s)ΘηS(f˜S)
= ∣SΨ∞1 ∣∣SΨ∣ (1/2,Ψs=−1, ψ)∣SΨ∞1 ∣ ∏i∶∞i∈V∞/{∞1}ηi(s) ∑ηS∈AˆΨS ηS(s)ΘηS(f˜S).
Here the ratio
∣SΨ∞1 ∣∣SΨ∣ in the last equation results from the relation Ψ ∶ SΨ ↪ SΨ∞1 η1Ð→ µ2 and the
fact that SΨ∞1 is a finite abelian 2-group.
For the RHS of Formula 23, note that for ∞i ∈ V∞/{∞1}, by Corollary 5.0.2, we have
ΘΨ∞i (fH∞i) = (1/2,Ψs=−1∞i , ψ)ηi(s), ΘΨ∞1 (fH∞1) = (1/2,Ψs=−1∞1 , ψ).
Thus the right-hand side of Formula (23) equals∣SΨ∣−1 ∏∞i∈V∞/{∞1} (1/2,Ψs=−1∞i , ψ)ηi(s) × (1/2,Ψs=−1∞1 , ψ)∏ν∈SΘΨν (fHν ).
Combining both sides together, we have:
(1/2,Ψs=−1S , ψ) ∑
ηS∈AˆΨS
ηS(s)ΘηS(f˜S) =∏
ν∈SΘΨν (fHν ).(AUXILIARY)
Note that this formula is meaningful as the right hand side is non-zero by the choice of test functions.
This is our auxiliary equation which will be used later on.
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Picking test functions II: ν0 ∉ S and ν0 ∤ 2 . Fix a new Snew ∶= {ν0}∪S with S being the old S
as above. For all ν ≠ ν0, we put the same restrictions as above, and impose the same conditions on
the test functions f˜ν . To get a global A-parameter as above, we take the ν0-component to be our
target discrete series L-parameter, and denote by Ψ′ the derived global A-parameter of G˜.
Run the same procedure for the new S and Ψ′ with f˜ν0 arbitrary, and write out terms associated
to Snew in terms of ν0 and the old S, we get an analogous formula as Formula (AUXILIARY), i.e.
our target equation:
(TARGET)
(1/2,Ψ′s=−1S , ψ)(1/2,Ψ′s=−1ν0 , ψ) ∑
ην0∈AˆΨ′ν0
ην0(s)Θην0 (f˜ν0) ∑
ηS∈AˆΨS
ηS(s)ΘηS(f˜S)
= ΘΨ′ν0 (fHν0)∏
ν∈SΘΨ′ν (fHν ).
Observe that
(1/2,Ψ′s=−1S , ψ) = (1/2,Ψs=−1S , ψ).
By the non-vanishing property of Formula (AUXILIARY), we get, via an easy comparison of
Formula (AUXILIARY) and Formula (TARGET),
(1/2,Ψ′s=−1ν0 , ψ) ∑
ην0∈AˆΨ′ν0
ην0(s)Θην0 (fHν0) = ΘΨ′ν0 (fHν0).
Whence we have finished the proof of the Main Theorem for the cases n′ ≠ n′′ and ν0 ∤ 2.
6.3. Cases n′ = n′′ and ν0 ∤ 2. Now let us come back to the case n′ = n′′ and ν0 ∤ 2. In this case,
we write H = H1 ×H2 with H1 = H2 = SO(n + 1) (n is even), and denote our target discrete series
L-parameter φ = φ1 × φ2. Note that if φ1 ≃ φ2, then we can adapt the same argument as in cases
n′ ≠ n′′ with minor modifications as follows.● All the choices of test functions and fixed local L-parameters are the same as in cases n′ ≠ n′′.
Instead of getting global A-parameters Ψ and Ψ′ factoring uniquely through Hˆ, we find that
Ψ and Ψ′ are factoring through Hˆ in two ways, i.e. Ψ = Ψ1⊕Ψ2 and Ψop = Ψ2⊕Ψ1, similarly
Ψ′ = Ψ′1 ⊕Ψ′2 and Ψ′op = Ψ′2 ⊕Ψ′1.● Applying the simple stable trace formulas as above, instead of getting a equation involving
only one term on the right hand side of Formula (23), we get
(24)
∏∞i∈V∞/{∞1}Θηi(f˜∞i) × ∑η1,ηS ∶
∆∗(∏
i
ηi∏
ν
ην)=Ψ
Θη1(f˜∞1)ΘηS(f˜S)
=∣SΨ∣−1 ∏∞i∈V∞/{∞1}ΘΨ∞i (fH∞i) ×ΘΨ∞1 (fH∞1)∏ν∈SΘΨν (fHν )+ ∣SΨ∣−1 ∏∞i∈V∞/{∞1}ΘΨop∞i (fH∞i) ×ΘΨop∞1 (fH∞1)∏ν∈SΘΨopν (fHν ).
● Therefore our auxiliary equation should be
(25)
(1/2,Ψs=−1, ψ) ∏
i∶∞i∈V∞/{∞1}
ηi(s) ∑
ηS∈AˆΨS
ηS(s)ΘηS(f˜S)
= ∏∞i∈V∞/{∞1} (1/2,Ψs=−1∞i , ψ)ηi(s) × (1/2,Ψs=−1∞1 , ψ)∏ν∈SΘΨν (fHν )+ ∏∞i∈V∞/{∞1} (1/2,Ψop,s=−1∞i , ψ)ηi(−s) × (1/2,Ψop,s=−1∞1 , ψ)∏ν∈SΘΨopν (fHν ).
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● Similarly our target equation should be
(26)
(1/2,Ψ′s=−1, ψ) ∏
i∶∞i∈V∞/{∞1}
ηi(s) ∑
ηS∈AˆΨS
ηS(s)ΘηS(f˜S) ×∑
ην0
ην0Θην0 (f˜ν0)
= ∏∞i∈V∞/{∞1} (1/2,Ψ′s=−1∞i , ψ)ηi(s) × (1/2,Ψ′s=−1∞1 , ψ)∏ν∈SΘΨ′ν (fHν ) ×ΘΨ′ν0 (fHν0)+ ∏∞i∈V∞/{∞1} (1/2,Ψ′op,s=−1∞i , ψ)ηi(−s) × (1/2,Ψ′op,s=−1∞1 , ψ)∏ν∈SΘΨ′opν (fHν ) ×ΘΨ′opν0 (fHν0).● Note that ΘΨ′ν0 (fHν0) = ΘΨ′opν0 (fHν0) as φ1 ≃ φ2, and
(1/2,Ψs=−1, ψ)(1/2, φ2, ψν0) = (1/2,Ψ′s=−1, ψ).
Thus by an easy comparison, we obtain
(1/2,Ψ′s=−1ν0 , ψ) ∑
ην0∈AˆΨ′ν0
ην0(s)Θην0 (fHν0) = ΘΨ′ν0 (fHν0),
which is exactly what the Main Theorem says.
Note that only the cases n′ = n′′ and φ = φ1 ⊕ φ2 with φ1 ≇ φ2 have not been touched. Fortunately,
the remaining cases also follow from the same argument adopted in the cases n′ ≠ n′′, but with
another minor modification as follows:● All the choices of test functions are the same as in cases n′ ≠ n′′ except at a finite place
ν4 ∈ S. At such a place, we fix the local L-parameter of G˜ as φν4 = φ′ν4 ⊕ φ′′ν4 with simple
L-parameters φ′ν4 ≇ φ′′ν4 , and choose a test function fHν4 = fH1ν4 × fH2ν4 , such that fH1ν4 is
the pseudo-coefficient of the L-parameter φ′ν4 . Then by Theorem 3.1.1(iii), we take a test
function f˜ν4 of G˜ such that (f˜ν4 , fHν4) is a transfer pair for (G˜,H). We also find that Ψ and
Ψ′ are factoring through H in two ways, i.e. Ψ = Ψ1 ⊕ Ψ2 and Ψop = Ψ2 ⊕ Ψ1, similarly
Ψ′ = Ψ′1 ⊕Ψ′2 and Ψ′op = Ψ′2 ⊕Ψ′1.● Applying the simple stable trace formulas as above, instead of getting an equation involving
two terms on the right hand side of Formula (24), we get only one term as in the cases
n′ ≠ n′′: ∏∞i∈V∞/{∞1}Θηi(f˜∞i) × ∑η1,ηS ∶
∆∗(∏
i
ηi∏
ν
ην)=Ψ
Θη1(f˜∞1)ΘηS(f˜S)
=∣SΨ∣−1 ∏∞i∈V∞/{∞1}ΘΨ∞i (fH∞i) ×ΘΨ∞1 (fH∞1)∏ν∈SΘΨν (fHν ).
This results from the vanishing condition:
ΘΨopν4(fHν4) = ΘH1φ′′ν4 (fH1ν4 )ΘH2φ′ν4 (fH2ν4 ) = 0.● Thus we get an auxiliary equation and a target equation as follows.
(27)
(1/2,Ψs=−1S , ψ) ∑
ηS∈AˆΨS
ηS(s)ΘηS(f˜S) =∏
ν∈SΘΨν (fHν ), and
(1/2,Ψ′s=−1S , ψ)(1/2,Ψ′s=−1ν0 , ψ) ∑
ην0∈AˆΨ′ν0
ην0(s)Θην0 (fHν0) ∑
ηS∈AˆΨS
ηS(s)ΘηS(f˜S)
= ΘΨ′ν0 (fHν0)∏
ν∈SΘΨ′ν (fHν ).
Therefore we obtain
(1/2,Ψ′s=−1ν0 , ψ) ∑
ην0∈SˆΨ′ν0
ην0(s)Θην0 (fHν0) = ΘΨ′ν0 (fHν0).
So far, we have finished the proof of the Main Theorem for all cases except ν0 ∣ 2.
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Remark 5. In view of the above arguments, we realize that it is not necessary to prove the Main
Conjecture for the cases n′ ≠ n′′ and n′ = n′′ separately. But we keep it there as the arguments are
interesting in their own right.
6.4. Cases ν0 ∣ 2. In this case, we require further that our global field F˙ /Q with F˙ν0 = F , such that
ν0 is the only prime over 2. Given the endoscopic character identities for all places except ν0, we
may use only the target equation to deduce the Main Theorem for ν0. Following the same procedure
as in the case n′ ≠ n′′, we pick up a large enough set S of finite places of F˙ including all ramified
places except ν0, and construct an elliptic tempered A-parameter Ψ of H as before. Another data
is about test functions. We take the same test functions f˜ = ⊗ν f˜ν ∈ C∞c,−−(G˜(AF˙ )) as in the last
case except f˜ν0 being arbitrary. Routinely, we also get the Formula (TARGET).
(1/2,Ψ′s=−1S , ψ)(1/2,Ψ′s=−1ν0 , ψ) ∑
ην0∈AˆΨ′ν0
ην0(s)Θην0 (f˜ν0) ∑
ηS∈AˆΨS
ηS(s)ΘηS(f˜S)
= ΘΨ′ν0 (fHν0)∏
ν∈SΘΨ′ν (fHν ).
Thus we may readily conclude the endoscopic character identity for ν0 as the canceled terms are
non-zero. Whence we have completely finished the proof of the Main Theorem for all cases.
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